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The Nonlinear Differential Dynamics of
Interdependent Branches of Industry

[ Victor Dmitriev, Svetlana Maltseva, Andrey Dmitriev ]

Abstract — Nonlinear differential dynamic model of the
relation between the branches of production was proposed.
Mathematically, this model is expressed as a system of first-order
ODE. Dynamic variables of the model — the value of the output of
each branch of production. Each differential equation of the
system includes independent growth and diminution of finished
goods; growth and decline of production related to the
production of allied industries. Two models were proposed: a
model with Malthusian products growth (model with no
restrictions on the amount of product), the model with the
Verhulst limiting of the growth of output. The equilibrium points
of dynamical systems, system stability were determined as well as
the qualitative analysis of dynamic systems was made.

Keywords — interdependent industries, busines dynamics,
dynamical systems, qualitative analysis, Lyapunov first
approximation.

1. Introduction

Traditionally, economic systems are studied mainly
through the optimization theory and game theory. However, in
the past two decades, methods of the theory of dynamical
systems is one of the most effective methods for modeling
economic systems and processes [1,2], and business dynamics
[3]. Application of the dynamical chaos theory to the model of
nonequilibrium market and the crisis detection presented in
our recent works [4,5].

The mathematical basis of the continuous dynamic systems
theory is the systems of ordinary differential equations theory.
Greatest interest for our research is the first order autonomous
system of differential equations:

X=fX a) (1)

where X = (x,(t),x,(t),...x,(t)) - the vector of state
variables of the system, & = (ay, @y, ... &) - the vector of
system parameters, X - the first order time-derivative, f -
generally a nonlinear real function of n-variables.

There are two approaches to the solution of the system (1):
quantitative and qualitative analysis.
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The first approach is the solution of the Cauchy problem. If
fis an analytical function in a neighborhood of the point
X, =(x,000,%,00),...,x,000) , find a solution
X(t, Xp) = (x4 (£, %,00)), x5 (& %(0)), .., 2o (2, (@))  of
the system 1) with initial conditions
X, = (x,00), x,(0), ..., x,,(0)). For most non-linear functions
f fails obtain an analytical solution of the Cauchy problem.

In the second approach is formulated and solved the
problem of finding the equilibrium points of the system and
the analysis of their stability. In most cases, mathematical
modeling of economic systems is sufficient the qualitative
analysis [1].

By definition, the equilibrium points X™ are the roots of an
algebraic equation:

FlX.a) =0 (2)

To study the stability of the rough equilibrium points, there
are two Lyapunov theorems.

By the Lyapunov stability theorem in the first
approximation, if all the Jacobian (J) eigenvalues i; have
negative real parts, then the equilibrium point X* of the
original system (1) and the linearized system X =JX is an
asymptotically stable.

dxy dx;

The Jacobian of the system (1) is ] = | 22 2%

dxy dx;

By the Lyapunov instability theorem in the first
approximation, if at least one Jacobian (J) eigenvalues 4 ; have
positive real parts, then the equilibrium point X* of the
original system (1) and the linearized system X =JX is an
asymptotically unstable.

These theorems allow us to study the stability of the rough
equilibrium points. These points have nonzero real parts of the
A;. Lyapunov method in the first approximation is limited to
study of the rough systems or structurally stable systems. For
second-order systems, there are only three types of rough
equilibrium points: a node, a spiral node and a saddle point.
Figures 1-5 are shown the phase portraits of these systems. In
these cases, the phase portrait is a plot of x; = g{x;), with
different initial conditions.
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Figure 4. The unstable spiral node.
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Figure 2. The unstable node.
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Figure 5. The unstable saddle point.

The purpose of our work is the qualitative analysis of
dynamic systems of interdependent branches of industry. It’s
the finding an equilibrium product and their stability in the
first approximation.

Y21 %1%2

Without loss of generality, we construct a dynamic system
of interdependent branches of industry on the example of coal
industry and metallurgical industry. In these branches product
flows are shown in the figure 6.

Figure 6. The product flows.

In this case the dynamical system has the following form:

®3)

[—:1 =Eyxy — BiXy — @ Xy X+ Vi Xy Xy
iy = &%y — Ba¥Xy — @y XX+ ¥ Xy Xy
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where x, (£) = 0 - the amount of coal, x,(t} = 0 - the amount
of steel, £, x; - the coal growth associated with its production,
g5, - the steel growth associated with its production, —f&;x, -
the decline of coal for the needs of the consumer, —f;x; - the
decline of steel for the needs of the consumer, —e&ty;x4 x4 - the
decline of coal for steel production, —ct54 %3 x5 - the decline of
steel for coal production, ¥;; x; x5 - the coal growth associated
with the production of steel, ¥y, x,%;- the steel growth
associated with the production of coal. All parameters of the
system (3) are positive numbers.

1. Model of Unlimited Production

and Consumption

The system (3) does not have limitations. For example, the
production and consumption of products are unlimited. The
basis of the model is Malthusian model of growth product [6].
In this case #; and =, are Malthusian parameters.

A. The First Approximation of the
qualitative analysis of the system
Reduce the number of the system (3) parameters:

[fl =4yxy — G327
ig = Apxy — b3, xy

(4)

where &=& — By , 8= —F; , S =@~

G710 = @py — ¥ay.

Equilibrium points of the system are the roots of the
algebraic system:

[jlxl —byxy %3 =0 ©)

2%y — Oy xyx, =0
The system (4) has two equilibrium points:

e 0 = (0.0} is zero equilibrium point,

Az A . CeL s .
. E=(,—‘ ,‘) is non-zero equilibrium point as

A D:i;?i:

2 =0 2=0

2132 231

; oy (B — Gy —0y2%y ]
Jacobian of the system is | = ( L W ey

A 0
The Jacobian J5 = ( Y ﬂ_J eigenvalues are 4, = 4, and
Ay =4, )
There are the following cases:

o ifA; =0 A,=0, 6,5 =0,8, <0, then® = (0,0)is
the asymptotically stable node (fig. 1),

o ifA,=0 A=0 8,, =0,8, =0, then @ = (0,0)is
the unstable saddle point (fig. 5),

o ifA,=0 A= 0 8,,=0 68, <0 then? =1(0,0)is
the unstable saddle point (fig. 5),

o ifA,>0,4,>0 6,08, =0 then0 = (0,0)is

unstable node (fig. 2).
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0 —Zzp o 8,>08>0 g Bn Mk
The Jacobian [z ={ ' leigenvalues are _ ? n R kR -
-2, Jacobian of the system is
_ ~ _ I'Di_: _\,: _",1 . _ (ﬂl - zkixi - EL:I: —IEL:_ri J
A= — /MMy and A; = /A A;. Hence E = (an’sﬂ) isthe [J= —Ba.% A, = 2y — Bayxy)
unstable saddle point (fig. 5). The Jacobian [ eigenvalues are i,=4,=0 and
A, =A,= 0.

B. Discussion of the Results

In the first approximation, the system (3) has only the zero
asymptotically  stable equilibrium  products. Nonzero
equilibrium product is unstable for all values of the
parameters. This fact is a consequence of an approximate
model. It’s the unlimited production and unlimited
consumption of products. We cannot exclude that the system
(3) has non-zero stable equilibrium point, for example, the
center. To find this point is insufficient analysis of the stability
in the first approximation. In this case, we can use the method
of Lyapunov functions. In our opinion, the main reason for the
lack of non-zero asymptotically stable products is limited
model. Hence the system (3) requires consideration of limits
on the number of products.

. Model of Limited Production
and Unlimited Consumption

A. The first approximation of the

qualitative analysis of the system

We use the Verhulst model [7] to account for the limitation
productions. In this case, the system has the following form:

[::1. = Ayxy — Ry xi — bypxy %
v 2 ’
p =8y —kpxg — b3 x;

(6)

where k, = % k, = ;— K; = 0 - the maximum of products.
) .

Equilibrium points of the system are the roots of the
algebraic system:
s

The system (6) has fourth equilibrium points:

1% —Kyxi — Bpxya; =0
(")

R k:-’-’% —bpx,x, =0

There are the following cases:

if 1, =4,=0,4,=4,=>0, then 0 = (0,0} is the
unstable node (fig. 2),

if A, =0,<0, 1, =4, 0, then 0 = (0,0} is the
asymptotically stable node (fig. 1),

if A, =A, =<0, 1, =A,=> 0, then 0 = (0.0} is the
unstable saddle point (fig. 5),
if -;I-j_= -I':'lj_:} 0 y 41: =.|':||:*=~: D, then o= ':D.-U:] is the
unstable saddle point (fig. 5).

The Jacobian [z, eigenvalues are i,= —A;=<0 and
-
Ag =4y ——dyg.

There are the following cases:
Ay

.._) is the

if 4, -Z6;<0, then E =(0
asymptotiéally stable node (fig. 1),

. 2 Ay .
if 4y —:_:'51: =0, then E; = (Uh—) is the unstable
saddle point (fig. 5).
The Jacobian [z, eigenvalues are i,=—-4,<0 and
Ay =4; - #5:1-
Hy

There are the following cases:

if .I':Il: - ?5:1 <0 U , then E: = (__\.—i‘l []

) - ) is the
asymptotically stable node (fig. 1),

[ ]

Ry

if Ay — f—‘an =0, thenE; = {ﬂn] is the unstable
Hy iy

saddle point (fig. 5).

The Jacobian [z, eigenvalues have the following form:

e 0 =1(0,0)is zero equilibrium point, Az =a LB,
Az . —_ . where
e E, =|0,-5]is non-zero equilibrium point as 45z 0, As ) P . 5.
1= (03 ! P =2+ 2ok + 2w (ke +22),
o E = (h—i U) is non-zero equilibrium point as 4, = 0, o
; . - . . B=——(8; = 2kyx3 — 6593 ) (87 — 2hyy7 — &gy x3)
E. = (—"'1":——"':91: —"':h'i——"'in:i) . . 4
° 2 PR T —— is non-zero
HqHz—013031 HiHz—0132031

equilibrium point.

+626; 1-1'5}"2-,

E; -point is a point of equilibrium in the following cases: b= Bk — 836,

53 By By Bay 12 ARy T Rk — 00
o N;=0,4;>0Fz0 220 Hao2E

Rz B Ry Rk Ry A; Ry . Aok, — A6y
o A;=0,4;=0, E:n:_?ﬂ,ﬂdifidi ﬁﬁ,i ::.ih—, 7 kyky — 61200

Kz Kz Ry Kz Ky 2 Hi

There are the following cases:
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if =0, a+,/f <0, then E; is the asymptotically
stable node (fig. 1),

if =0, a = 0, then E; is the asymptotically stable
node (fig. 1),

if =0 a =10 then E; is the asymptotically stable
spiral node (fig. 3),

if # >0, +.,/f =0, then E; is the unstable node
(fig. 2),

if3=0a— /=0 a+,/F<0, then E; is the
unstable saddle point (fig. 5),

if =0 a— /<0 a+,/F=0, then E; is the
unstable saddle point (fig. 5),

if # =0, & = 0, then E; is the unstable node (fig. 2),

if §# =0, a =10, then E; is the unstable spiral node
(fig. 4).

B. Discussion of the Results

The system (6) has three non-zero equilibrium points.
There may be cases when there is a non-zero asymptotically
stable equilibrium product. These are asymptotically stable
node and asymptotically stable spiral node.

For example, if 4;=4,=1 k, =2
8,7 = &3, = 1, then the system has

the unstable node 0(0,0],
the unstable saddle points E, (0.0.3) and E; {0.5.0),

the asymptotically stable spiral node E; (0.4,0.2).

|f_,':l,1= 11":":: 3! '[C]_ = 21 k: = 4’1 5]_: = 5:]_ = 1, then the
system has

the unstable node 0'(0.0),
the unstable saddle points E, (0.0.7) and E; (0.5.0),
the asymptotically stable node E; (0.1,0.7).

’ ,k:ZSv

iv. Conclusion

Our proposed model of nonlinear differential dynamics of
interdependent industries makes it possible solve the problem
of optimal control. By varying the control parameters of the
system can be obtained asymptotically stable state of the

Publication Date: 19 October, 2015

[8]. These modifications will result to growth of the number of
stable states, the stable and unstable limit cycle and dynamical
chaos. Such studies cannot be made in the first approximation.
We have to use the method of Lyapunov function and
numerical modeling trajectories of the system.
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