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Abstract—Distributed-lumped parameter modelling methods 

are employed in the analysis of manufacturing machine drives 

comprising rotors, bearings and shaft arrangements for variable 

speed process systems. Analysis procedures enabling the 

computation of the torsional shear stress and velocity response of 

these systems are outlined and block diagram representations are 

formulated. The dynamic stresses for machine drive 

arrangements following deterministic input changes are 

computed. Typical rotor-shaft assemblies are investigated 

illustrating the peak stress levels encountered. 
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I. Introduction 
 
The concept of hybrid system modelling [1], where 

combinations of lumped point-wise and distributed parameter 

realisations are inter-connected is introduced [2]. This 

procedure provides a simple, realistic, compact model for 

dispersed mechanical systems, in which confidence can be 

placed.  

To demonstrate the techniques involved, the determination of 

the dynamic stress variations in mechanical drives using 

methods which can be applied to any distributed, physical 

system, will be investigated herein. The methods presented 

enables the stress transients to be accurately predicted in 

spatially dispersed, power transmission elements. 

This includes the identification of peak stress variations and 

the prediction of stress reversals, amplitudes and frequencies. 

These results are not easily obtained from alternative methods 

for distributed parameter system models. However as shown 

herein, hybrid modelling provides the high integrity, 

unambiguous answers required. 

 

II. Modelling Torsional Rotor 
Systems 

 

Although affording the simplest modelling solution, lumped 

parameter models [3] become increasingly inaccurate with 

expanding system dispersion. In efforts aimed at improving 

accuracy, finite element modelling methods are often resorted 

to [4]. Once again lumped parameter theory is employed. 
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However, the system is now assumed to comprise a finite 

number of mass-inertia, damping and stiffness elements 

arranged in lattice structures to replicate the system topology. 

This procedure suffers from dimensionality problems, as the 

number of point-wise equations required increases, to 

accommodate system complexity. Ultimately, the practice of 

including further finite elements begins to attract numerical, 

computational errors, as discussed in [5], [6] and [7] with 

significant uncertainty regarding the validity of the results 

obtained. 

Of course, in acknowledging system dispersion the prospect of 

dynamic process descriptions governed by partial differential 

equations looms. In these representations, system analysis is 

based on continuous formulations where an infinite number of 

infinitesimal elements are employed, as part of the system 

description, as in [8]. 

Since power transmission systems, as in [9] for example, 

comprise for analysis purposes rotors, supported on fluid film 

bearings then arrangements of this type may be derived for a 

wide variety of applications. Typically, machine and vehicle 

drives, marine propulsion, process and military systems, as in 

[10] and [11] may be accurately modelled using distributed-

lumped, hybrid realisations, [12], [13] and [14]. 

Essentially, in these assemblies the relatively concentrated, 

rotating inertias are lumped and referred to an input or output 

shaft, as are the frictional coefficients arising from viscous 

bearing, energy dissipation, see for example [13]. All of the 

shafts are assumed to be relatively “long” slender components 

with distributed inertia and stiffness characteristics. Both 

multiple, parallel and/or profiled shaft sections may be 

incorporated in the distributed-lumped descriptions employed 

herein and material non-linear elasticity may be included. 

Additionally, both the torsional and longitudinal dynamics, of 

spatially dispersed elements, may be modelled using hybrid, 

distributed-lumped techniques. Typical application studies are 

presented in [14]. 

 

III. Dual Distributed-Lumped 
Rotor System Model 

 
A distributed-lumped model, for the rotor system shown in 

Fig. 1, will be formulated. The rotors and bearings will be 

modelled as rigid, lumped parameter, point-wise units. Owing 

to the dimensions of the drive shaft, this component will be 

described as a distributed parameter element, as in [9], where 

the inertia and stiffness are continuous functions of shaft 

length. The notation employed in [2] will be adopted. 
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In accordance with figure 1, the Laplace transformed model 

for the distributed-lumped parameter description is: 
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 Since 2T (s) in this application is zero the impedance 

description becomes: 
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   In equation (1): 
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where in (2): 

1 1 1 1 1(s) s L C s G     

     Then following the inversion of (1): 
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where in equation (3): 

  2
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 It is very easy to compute the outputs 1(s) and 2 (s)  of 

(3) following any arbitrary input 1T (s) . To accomplish this, in 

delay form: 
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and upon evaluation: 
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Figure 1, Two Rotor Lumped-Distributed Parameter Model 

 

 

IV. Three Rotor System 
 

Following the same route as in sections 3 the model for the 

three rotor system of figure 2 becomes: 
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Hence, equation (4) upon inversion yields: 
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where in (5): 
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Upon expanding, equation (5) becomes: 
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where in equation (6): 
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Figure 2, Three Rotor Lumped-Distributed Model

 

 

V. Machine Drive Application 
Study 

 

In this study the dynamics and shaft stress levels in a machine 

drive system comprising an electric motor, gearbox and load 

inertia will be investigated. The equivalent system for analysis 
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purposes is shown in Fig. 2 and the parameters for this system 

are: 
5 6 4

1 2 3

1 2 3 1 2

9 2

1 2 1 2

3 7 7 4

1 2 s1 s2

J 3.835 10 ,  J 4.0212 10 , J 0.0015m ,  

c 0.15,  c 0.1,  c =20 Nmsec/ rad, l 1.5,  l 3.0m,

r 0.025, r 0.025m,  G G 80 10 N / m ,  

7800kg / m , J 6.1359 10 , J 6.1359 10 m

From the theoretical 
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Figure 3, Simulation Block Diagram for 3 Rotor Machine Drive System 

 

The series model for this this system will be employed which 

results in the simulation block diagram shown in figure 3. 

Following a step input, torque change of 2119.8 Nm the 

angular velocity response and the dynamic shear stress in the 

motor and load shafts are as shown in figure 4a and figure 4b, 

respectively.  

 

Figure 4a shows the maximum angular velocity overshoot 

increases to approximately 150% on the gearbox end rotor. 

The speed oscillations now persist for > 0.03 seconds. Figure 

4b shows the transient stress in the motor shaft to exceed the 

steady state stress by over 8 21.5 10 N/m .  There is also a 

stress reversal in the motor drive shaft which would result in 

fatigue problems. The peak stress in the load shaft advances to 
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8 21.75 10 N/m although there is no stress reversal problem 

associated with this element. With a the load shaft length of 

3.0m there is a further reduction in the frequency of the shaft 

speed oscillations, as shown in Fig. 4a. Again the speed 

transient increases in amplitude with persistence for t >> 0.03 

seconds showing the noise and harshness problems often 

encountered originate from these internal vibrations. 

 

 

 

 

VI. Conclusion 
 
A distributed-lumped, hybrid modelling approach was 

employed in this contribution to accurately compute the 

response of a machine drive system. This enabled the transient 

stress levels in the drive shafts to be determined following any 

arbitrary, input torque change, shaft length and diameter, 

frictional damping and for any inertia loads. 
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The analysis procedures outlined allowed the formulation of 

the relatively lumped rotor and bearing models for distributed 

shaft representations. Multiple shaft, bearing and rotor 

arrangements can also be easily accommodated using this 

approach. 

Detailed procedures were provided for two and three rotor 

models enabling simple simulation studies to be undertaken.  

To illustrate the versatility of the analysis method, changes in 

the peak dynamic stress levels were investigated for the rotor 

systems, considered.  

The simulation studies show the speed transient problems in 

terms of the amplitude, frequency and the decay rates to be 

expected, in mechanical drives, where input and load 

disturbances are continuously imposed on the system. Equally, 

the problem of the dynamic stress changes occurring can be 

easily determined using hybrid modelling and simple 

simulation techniques.     

Although the complexity of the system increases, as further 

shaft and rotor sectors are included in the modelling process, 

the important issue is that these representations can be easily 

adapted to suit any multiple rotor system, once established. 

Moreover, the inclusion of non-linear elements such as 

bearing characteristics with coulomb friction and/or hysteresis 

effects can be easily accommodated as can the non – linearity 

of the material properties, using for example, Popov’s 

procedure outlined in [15]. 
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