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Buckling analyses of cylindrical metal silos
containing bulk solids

Michal Wojcik, Mateusz Sondej, Jacek Tejchman

Abstract—The paper presents quasi-static 3D buckling
analysis results of thin-walled cylindrical metal silos with and
without bulk solids. The behaviour of the bulk solid was
described with a hypoplastic constitutive model. Non-linear
analyses with geometric and material non-linearity were
performed with a perfect and an imperfect silo shell. Different
initial geometric imperfections were considered. The influence of
internally stored bulk solids on the buckling strength was
compared with experimental results from the literature. The
results clearly indicate a strengthening effect of the stored solid
on the silo buckling strength.
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.  Introduction

Cylindrical silos are frequently used to store different bulk
solids. In contrast to liquids and gases, solids exert both
normal and shear forces on silo walls. The shear ones result
from the friction between silo walls and silo fill and are
mainly responsible for a buckling failure. The normal forces,
however, may have a positive effect on the buckling behaviour
of silos due to the fact that the normal pressure produced by
the stored material decreases the amplitudes of initial wall
imperfections. The solids give a lateral support for cylindrical
silo walls when they move inwards during a buckling process.
The positive strengthening effect in cylindrical silos is
dependent upon the solid stiffness and flow pattern [1]-[4].
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The resistance of bulk solid against shell deformation is
usually simulated by a Winkler foundation model which
describes the bulk solid as a set of horizontal linear [1] or non-
linear springs without tensile stresses [2]. However, springs
are not able to realistically capture the solid shear stiffness [4].

The aim of the present research works is to perform 3D
buckling quasi-static numerical analyses of thin-walled
cylindrical metal silos containing cohesionless sand, and to
determine in numbers the influence of the material stiffness on
the buckling strength. Finite elements analyses were carried
out with the commercial program Abaqus [5]. A hypoplastic
constitutive model was used to describe the behaviour of sand
[4], [6]. Non-linear analyses with the geometric and material
non-linearity were carried out with a perfect and an imperfect
silo shell. Different initial geometric imperfections were
assumed. FE results were compared with corresponding
experiments performed at University of Karlsruhe [2]. The
experiments showed, namely, that the buckling strength of the
model silo with sand was approximately by 25% higher than
of the empty one. The experimental buckling coefficient
a=o/o, Was 0.3-0.7, where o, — the experimental buckling
strength, o, — the classical buckling strength of the perfect
cylinder under axial loading [7]:

E, ¢t

= Ba-wyr

where: E; — modulus of elasticity of the wall material and v —
Poisson ratio of the wall material. The model silo exhibited a
considerably post-buckling strength and was characterized by
presence of many buckles in both directions [2].

) (1)

n. Experimental silo

The height of the steel cylindrical model silo was 5.17 m
and the diameter was 1.25 m [2]. It consisted of 4 rings, each
1 m high and a mass flow hopper. The thickness of the 3 upper
rings was 2 mm. The lower fourth ring was thinner, i.e.
t=0.625 mm, t=0.75 mm and t=1 mm in order to induce the
buckling failure. The yield stress was 180 MPa for the rings of
t=0.625 mm and t=1.0 mm and 350 MPa for the ring of
t=0.75 mm. The experiments were performed with an empty
silo and with a silo containing the so-called Karlsruhe sand.
The measured initial imperfections of the silo shell were about
0.5-1.5 mm, which indicates the usual fabrication tolerance
quality, for which the representative imperfection amplitude
was [6]
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where: t — the wall thickness, Q=16 — the quality parameter
and r — the silo radius. The representative imperfection
amplitude w for t=0.625 mm, 0.75 mm and 1 mm was 1.23
mm, 1.35 mm and 1.56 mm (Eq.2), respectively.

nm. Buckling FE analyses

A. Input data

First, the model silo was filled up with sand by means of
the layer-by-layer method, i.e. by dividing the silo fill into 4
horizontal layers, to which gravity was linearly applied to each
layer starting from the bottom. In the second step, the vertical
displacement was applied to the top edge of the cylinder until
the silo failed.

Fig. 1 presents the FE mesh of the entire silo model used in
calculations. The 4-node thin shell elements were employed to
represent the wall and 8-node linear brick elements to model
the solid [5]. The total number of finite elements was 80°000.
The mesh of the lower part of the cylinder and of the solid
located close to the wall was significantly refined. The hopper
part was not taken into account in the calculations. All three
displacement directions at the cylinder bottom were fixed. At
the cylinder top, the displacements were fixed in a radial and
circumferential direction. The wall was assumed to be smooth.

A linear buckling (eigenvalue) analysis (LBA) and a
geometrically and materially non-linear analysis (GMNA) of
the perfect and imperfect silo (by tracing a force-deflection
path) were carried out. The steel was assumed to be elastic-
perfectly plastic in a non-linear analysis with the following
elastic properties: E=210 GPa, vs=0.3 and the yield stress
f,=180 MPa and 350 MPa. Two types of initial imperfections
were taken into account, namely, the 1% eigenmode of the
perfect shell (obtained from LBA) and the axisymmetric
circumferential weld depression according to [9] (Fig.2).

B. Bulk solid model

The FE-analyses were carried out with a hypoplastic
constitutive model for sand [6] which is able to describe the
essential properties of granular bodies during shear
localization in a wide range of pressures and densities. It
includes barotropy (dependence on pressure level), pycnotropy
(dependence on density), dilatancy, contractancy and material
softening during shearing. This constitutive model describes
the evolution of the effective stress tensor with the evolution
of the deformation rate tensor by isotropic linear and non-
linear tensorial functions. In contrast to elasto-plastic models,
a decomposition of deformation components into elastic and
plastic parts, the formulation of a yield surface, plastic
potential, flow rule and hardening rule is not needed.
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Figure 1. FE-mesh of entire model silo containing bulk solid

b)

Figure 2. Lower part of imperfect bin with two different initial wall
geometric imperfections: a) 1st eigenmode of perfect bin and, b) axisymetric
circumferential weld depression [9]
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The local hypoplastic constitutive law can be summarized as
follows [10]:

Ts = felo

1 o . "
. (I-"D + a2tr(T,D)T, + faF (T, + T7)|D )
trT,

)

where T is the objectlve (Jaumann) stress rate tensor, D is

the stretchmg tensor and Ts is the devatoric part of the stress
ratio Ts. The constitutive relationship requires 8 material
constants: €jo, €qo, €co, @es s,y N, S and a. The calculations were
carried out with the following material constants for dry
cohesionless Karlsruhe sand [11]: €;p=1.0, e4,=0.55, e,=0.84,
#=30° h=5.8 GPa, n=0.28, A=1 and «.=0.13. The initial void
ratio for initially dense sand was e,=0.60.

c. Empty silo

For a perfect bin, the buckling load factor « was equal to 1
with the ring thickness t=0.75mm and vyield stress
f,=350 MPa. In two remaining cases (t=0.75 mm and 1 mm),
the buckling load factor was smaller due to the lower yield
stress (f,=180 MPa): o=0.91 and a=0.71, respectively (Fig.3).
The initial geometric imperfection in the form of the 1%
eigenmode of the perfect shell was significantly more
detrimental as compared to the axisymmetric circumferential
weld depression (Fig.3). For both imperfections, the highest
buckling load factor was calculated at t=0.75 mm and the
lowest one at t=1.0 mm. The first imperfection type (the
eigenmode of the perfect shell) resulted in an appearance of
many buckles around the cylinder perimeter (Fig.4a), where
the second imperfection (circumferential weld depression)
caused the axisymmetric plastic deformation in the form of an
initially assumed imperfection (Fig.4b).

D. Silo containing sand

Initially, the silo was filled up by means of the “layer-by-
layer” method. The wall initial imperfection was taken in the
form of an axisymmetric weld depression with the maximum
amplitude w=0.53 mm. Fig. 5a presents the calculated normal
wall pressure distribution along the height of the cylinder for
different filling heights. Each normal stress distribution
followed the Janssen theory, i.e. the stress gradient diminished
during continuous filling. The distribution of the normal wall
pressure at the end of the filling was almost identical as the
characteristic one calculated by Eurocode 1 [13]. A strongly
non-uniform wall pressure distribution at the height of 0.5 m
from the bin bottom was caused by the presence of the initial
imperfection.

Figs. 5b and 6 show that during buckling when a solid is
considered in the silo, the normal pressure is dependent upon
the wall movement in a radial direction due to the solid
stiffness. In a silo with a weld depression imperfection, as long
as the wall moved inwards, the wall pressure considerably
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increased. For outward wall motions at the imperfection edges,
the wall pressure considerably decreased.
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Figure 3. Change of buckling load factor « for different ring thickness of and
different maximum horizontal amplitudes w of initial wall geometric
imperfection: A) in the form of 1st eigenmode of perfect shell and B) in the
form of axisymmetric circumferential weld depression, a) t=0.625 mm,

b) t=0.75 mm, ¢) t=1 mm (t - bottom ring thickness).

Fig. 7 presents the buckling load factor « against ratio r/t
and Fig. 8 shows the evolution of the load factor against the
vertical deflection u at the cylinder top for an empty silo and a
silo containing sand. The results indicate an increase of the
buckling strength of a silo with sand as compared with an
empty one. The increase is 22%, 13% and 9% for a silo with
the wall thickness t=0.625 mm, t=0.75 mm and t=1 mm,
respectively.
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Figure 4. Deformed silo walls (with stresses by von Mises in [Pa]) for two
different initial geometric imperfections: a) 1% eigenmode of perfect shell and
b) axisymmetric circumferential weld depression (GMNA, silo with bottom
ring thickness t=0.75 mm and imperfection amplitude w=0.53 mm)

IV Conclusions

The obtained FE results show that the initial geometric
imperfection in the form of the 1% eigenmode of the perfect
shell was more detrimental as compared to the axisymmetric
circumferential weld depression. It resulted in an appearance
of many buckles around the cylinder perimeter similarly as in
experiments. The numerical buckling results of a silo
containing sand clearly show a strengthening effect of 9%-
22% of the stored bulk solid on the silo buckling strength.

117

Publication Date : 09 January 2014

pr [kPa]
10

5

H [m]

b)

Figure 5. Distribution of horizontal normall stress p, along silo height H at
different filling heights: a) %2 H, b) %2 H, ¢) % H, d) H, d’) standard curve [12],
e) during buckling (GMNA, silo with sand and bottom ring thickness
t=0.75 mm, initial imperfection in the form of axisymmetric weld depression
with amplitude w=0.53)
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Figure 6. Deformed silo wall (with normal stresses in [Pa]) in region of
initial imperfection in the form of axisymmetric weld depression with
amplitude w=0.53 (GMNA, bottomuringthickness t=0.75 mm)
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Figure 7. Load buckling factor against ratio r/t for empty silo (crosses) and
silo containing sand (diamonds) from FE analyses with initial geometric
imperfection in the form of axisymmetric weld depression with amplitude
w=0.53 (r — silo radius, t- wall thickness)
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Figure 8. Load factor against vertical wall displacement u from FE analyses:
a) empty silo, b) silo with sand (GMNA, ring thickness t=0.75 mm, initial
geometric imperfection in the form of axisymmetric weld depression with

amplitude w=0.53)
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